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Sliding Mode Control Barrier Function
Caio I. G. Chinelato1 and Bruno A. Ange´lico2
Abstract— This work proposes a sliding mode control bar-
rier function to robustly deal with high relative-degree safety
constraints in safety-critical control systems. Stability/tracking
objectives, expressed as a nominal control law, and safety
constraints, expressed as control barrier functions are unified
through quadratic programming. The proposed control frame-
work is numerically validated considering a Furuta pendulum
and a magnetic levitation system. For the first system, a linear
quadratic regulator is considered as a nominal control law, and
a safety constraint is considered to guarantee that the pendulum
angular position never exceeds a predetermined value. For the
second one, a sliding mode controller is considered as a nominal
control law and multiple safety constraints are considered to
guarantee that the magnetic levitation system positions never
exceed predetermined values. For both systems, we consider
high relative-degree safety constraints robust against model
uncertainties. The numerical results indicate that the stabil-
ity/tracking objectives are reached and the safety constraints
are respected even with model uncertainties.
I. INTRODUCTION
Safety is a fundamental concept in several engineering
problems, such as control systems, robotics and automotive
applications. Safety-critical control systems are those that
must satisfy stability/tracking objectives and safety con-
straints, where the safety constraints are prioritized. The
safety constraints are specified in terms of a set invariance
and verified through control barrier functions (CBFs). The
existence of a CBF satisfying specific conditions implies in
set invariance. Any trajectory starting inside an invariant set
will never reach the complement of the set [1].
CBFs can be directly related to control Lyapunov func-
tions (CLFs). CLFs utilize Lyapunov functions together with
inequality constraints on the derivatives to establish entire
classes of controllers that stabilize a given system [2], [3].
Several works present applications of CLFs as feedback
controllers, such as [4]. Then, the key point is to impose
inequality constraints on the derivative of a candidate CBF
to establish entire classes of controllers that render a given
set forward invariant [5].
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The unification of CLFs and CBFs can be seen in [6]
and [7], using different formulations. In both cases, stabil-
ity/tracking objectives are expressed as a CLF and safety
constraints are expressed as a CBF. The objective of [6]
is to obtain a feedback control law that satisfies simultane-
ously stability/tracking objectives and safety constraints. The
feedback control law is constructed using Sontag’s universal
control formula [8]. Then, the concept of control Lyapunov
barrier function is presented. It is important to highlight that
if the stability/tracking objectives and the safety constraints
are in conflict, then no feedback control law can be proposed.
In contrast, [7] proposes a feedback design problem that me-
diates stability/tracking objectives and safety constraints, in
the sense that safety is always guaranteed. Stability/tracking
objectives are satisfied just when the two requirements are
not in conflict. In this approach, a quadratic programming
(QP) mediates the two inequalities associated with the CLF
and CBF. Relaxation is used to make the stability/tracking
objectives as a soft constraint and safety as a hard constraint.
Then, stability/tracking objectives and safety constraints do
not need to be simultaneously satisfiable. Furthermore, in
this approach, stability/tracking objectives can be expressed
as any linear or nonlinear nominal control law, making the
control design more versatile [1], [9], [11].
The approach proposed in [7] is considered in this work.
Several applications using this methodology are proposed
in the literature, such as adaptive cruise control (ACC)
[12], lane keeping [13], bipedal walking robot [14], robotic
manipulator [9], robotic grasping [10] two-wheeled human
transporter (Segway) [11], quadrotors [15] and multi-robot
systems [16].
The control framework described in [7] is only applicable
for safety constraints with relative-degree one, i.e., the first
time-derivative of the CBF has to depend on the control
input. However, in several systems, such as robotics, it
is considered position-based constraints with high relative-
degree (greater that one). The works [14] and [15] propose
a solution applied only for safety constraints with relative-
degree two. In [17], a backstepping-based method is applied
to arbitrary high relative-degree safety constraints. However,
this method is challenging and has not been attempted [1].
In [18], the concept of exponential control barrier function
(ECBF) was first introduced as a way to systematically
enforce high relative-degree safety constraints. This work
shows that the ECBF can be designed using conventional
control design techniques and proposes a pole placement
controller for ECBF design.
Furthermore, the control framework described in [7] does
not consider robustness issues, such as disturbances and
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model uncertainties. Robustness is an essential topic in
safety-critical control systems, because if significant distur-
bances and model uncertainties are not considered, the safety
constraints may not be respected. Robust CBFs are studied
in [19], [20], [21] and [22]. In [19], the robustness of the
CBF under model perturbation is investigated. This work
verifies set invariance considering perturbations. If the model
perturbation has a H∞ norm less than a determined value,
input-to-state stability (ISS) property of the set is verified, the
set is asymptotic stable and the system is robust. However,
this work only describes robustness analysis and do not
develop a robust controller design. The design of a robust
controller is described in [20], considering disturbances, and
in [21] and [22], considering model uncertainties.
The main contribution of this paper consists of proposing
a sliding mode control barrier function (SMCBF) for sys-
tems with high relative-degree safety constraints and model
uncertainties. The stability/tracking objectives are expressed
as a nominal control law. The proposed control framework
is numerically validated considering a Furuta pendulum
and a magnetic levitation (MAGLEV) system. For the first
system, a linear quadratic regulator (LQR) is considered as a
nominal control law and a safety constraint is considered to
guarantee that the pendulum angular position never exceeds
a predetermined value. For the second one, a sliding mode
control (SMC) is considered as a nominal control law and
multiple safety constraints are considered to guarantee that
the MAGLEV positions never exceed predetermined values.
For both systems, we consider high relative-degree safety
constraints robust against model uncertainties.
The rest of this paper is organized as follows: In section
II, the concept of CBF and the control framework that
unifies the nominal control law and the CBF through QP
are presented. The concept of ECBF for safety constraints
with high relative-degree and the design of ECBF with pole
placement control are described in section III. In section
IV, the proposed control framework is described, i.e., the
design of SMCBF. The modeling and the numerical results
of the Furuta pendulum and the MAGLEV with the proposed
control framework are presented in sections V and VI,
respectively. The conclusions are presented in section VII.
II. CONTROL BARRIER FUNCTION
Given a dynamical system
x˙ = f (x)+g(x)u, (1)
with states x ∈ D ⊂ Rn, inputs u ∈ U ⊂ Rm and, f (x)
and g(x) locally Lipschitz, there are two types of barrier
functions: reciprocal barrier function B(x) and zeroing barrier
function h(x) [5]. Considering a set C related to the system
safety, we have that B(x)→ ∞ as x→ ∂C and h(x)→ 0 as
x→ ∂C [5]. In this work, we consider h(x). If B(x) or h(x)
satisfies Lyapunov-like conditions, then forward invariance
of C is guaranteed [1]. The natural extension of a barrier
function to a system with control inputs is a CBF [24]. As
shown for CLFs, in CBFs inequality constraints are imposed
on the derivative to obtain entire classes of controllers that
render a given set forward invariant.
A feedback controller must be designed for (1) in order
to keep the states x in the safe set C , defined as [1]:
C = {x ∈D ⊂ Rn : h(x)≥ 0} ,
∂C = {x ∈D ⊂ Rn : h(x) = 0} ,
Int(C ) = {x ∈D ⊂ Rn : h(x)> 0} ,
(2)
where h(x) : D ⊂ Rn → R is a continuously differentiable
function. h(x) is called a CBF defined on the set D with
C ⊆ D ⊂ Rn, if there exists an extended class κ functions
αcb f such that [5]
sup
u∈U
[
L f h(x)+Lgh(x)u+αcb f (h(x))
]≥ 0, (3)
where L f h = ∇h(x) · f (x) and Lgh = ∇h(x) ·g(x).
Remark 1: A continuous function αcb f : [0,a)→ [0,∞) for
some a > 0 is said to belong to class κ if it is strictly
increasing and αcb f (0) = 0 [5].
Considering the safe set C defined by (2), the CBF h(x)
for the system (1) and the set
Kcb f (x) =
{
u ∈U : L f h(x)+Lgh(x)u+αcb f (h(x))≥ 0
}
,
(4)
the work [5] enunciates that any locally Lipschitz continuous
controller u : D → U such that u(x) ∈ Kcb f (x) will render
the set C forward invariant.
The final control framework unifies stability/tracking ob-
jectives, expressed as a nominal control law, and safety
constraints, expressed as a CBF, through QP. The controller
is formulated as an optimization problem, minimizing the
error [9]
eu = uno−u, (5)
where uno is the nominal controller for the system (1).
The squared norm of the error
‖eu‖2 = uT u−2uTnou+uTnouno (6)
is considered as the objective function. The last term of (6) is
neglected, since it is constant in a minimization process with
respect to u. Thus, we can consider the following QP-based
controller [1], [9]:
u∗ = argmin
u∈Rm
uT u−2uTnou
s.t. Lgh(x)u+L f h(x)+αcb f (h(x))≥ 0.
(7)
It is important to highlight that the constraint in QP
enforces the condition (3) for CBF.
The QP-based controller (7) is only applicable for safety
constraints with relative-degree one, i.e., the first time-
derivative of the CBF has to depend on the control input.
In this work, we consider high relative-degree safety con-
straints. In this case, as Lgh(x) = 0, the QP cannot be solved.
One way to systematically enforce high relative-degree safety
constraints is the application of ECBF. Furthermore, the
controller does not consider robustness issues, such as model
uncertainties; thus, the next sections describe the concept
of ECBF, the design of ECBF with pole placement control
and the design of SMCBF to deal with model uncertainties,
which is the main contribution of this paper.
III. EXPONENTIAL CONTROL BARRIER
FUNCTION WITH POLE PLACEMENT CONTROL
The concept of ECBF was first introduced in [18], where
in the final control framework, stability/tracking objectives
are expressed as a CLF and the ECBF is derived based on the
reciprocal CBF B(x). However, in this work, the formulation
of [18] is adapted in order to express stability/tracking
objectives as a nominal control law, such as in (7), and the
ECBF is derived based on the zeroing CBF h(x), such as in
[1].
The term ECBF is used since the resulting CBF constraint
is an exponential function of the initial condition. Further-
more, the design of ECBFs is based on the linear control
theory, so conventional linear control design techniques such
as pole placement can be applied [18].
Definition 1: Given a set C ⊂D ⊂ Rn defined as the su-
perlevel set of a r-times continuously differentiable function
h(x) : D → R, then h(x) is an ECBF if there exists a row
vector Kb ∈ Rr such that for the control system (1) [1],
sup
u∈U
[
Lrf h(x)+LgL
r−1
f h(x)u+Kbηb(x)
]
≥ 0 (8)
∀x ∈ Int(C ) results in h(x(t))≥CbeAbtηb(x0)≥ 0, whenever
h(x0) ≥ 0, where the matrix Ab is dependent on the choice
of Kb, and
ηb(x) :=

h(x)
h˙(x)
h¨(x)
...
h(r−1)(x)
=

h(x)
L f h(x)
L2f h(x)
...
L(r−1)f h(x)
 , (9)
Cb =
[
1 0 · · · 0 ] . (10)
In [4], it is described a systematic procedure using input-
output linearization to design CLFs for regulating outputs
with arbitrary relative-degree. This procedure could be ap-
plied to design CBFs for constraints with arbitrary relative-
degree r. However, this procedure is not directly feasible
to h˙(x,u) = L f h(x)+ Lgh(x)u since Lgh(x) is a vector and
obviously not invertible [18]. The work [18] introduces the
notion of virtual input-ouput linearization (VIOL) wherein
an invertible decoupling matrix is not required. Considering
a virtual control input µb defined as
h(r)(x,u) = Lrf h(x)+LgL
r−1
f h(x)u := µb, (11)
such that the input-output linearized system becomes
η˙b(x) = Fbηb(x)+Gbµb,
h(x) =Cbηb(x),
(12)
where ηb(x) is defined in (9), Fb ∈ Rr×r and Gb ∈ Rr×1 are
defined as
Fb =

0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
0 0 0 · · · 0
 ,Gb =

0
0
...
0
1
 , (13)
and Cb is as defined in (10).
If we want to drive h(x) to zero, [18] proposes to design
the EBCF with a pole placement controller, µb = −Kbηb,
with all negative real poles pb =−
[
p1 p2 · · · pr
]
, where
pi > 0, i = 1, · · · ,r; thus, h(x(t)) =CbeAbtηb(x0), where the
closed-loop matrix Ab = Fb −GbKb with all negative real
eigenvalues.
Similarly to (7), a nominal control law uno and an ECBF
h(x) can be unified using QP considering the following
controller [1], [18]:
u∗(x) = argmin
u=(u,µb)∈Rm+1
uT u−2uTnou
s.t. LgLr−1f h(x)u+L
r
f h(x) = µb,
µb ≥−Kbηb(x).
(14)
IV. SLIDING MODE CONTROL BARRIER
FUNCTION
Considering the virtual input-output linearized system
(12), the basic idea is to design the CBF with a sliding
mode controller µb in order to deal with model uncertainties,
instead of applying a pole placement controller as described
in the ECBF (14). It is considered that f (x) and g(x) in (1)
represent the real dynamics and are unknown. However, the
controller’s design is based on the nominal dynamics f¯ (x)
and g¯(x); thus, the effect of model uncertainties in VIOL
(11) can be described such as
h(r)(x,∆,µb) = µb+∆, (15)
where ∆ is related to the difference between the real dynam-
ics and the nominal dynamics in the Lie derivatives of (11),
i.e., the model uncertainty. We assume that ∆ is bounded,
i.e.,
‖∆‖ ≤ ∆max. (16)
Considering a time-varying surface S(x, t) in state-space
Rn defined by
S(x, t) =
(
d
dt
+λ
)r−1
h˜, (17)
where h˜ = h− hd and λ is a strictly positive constant [23].
We consider the CBF desired value hd ≥ 0 since we want
to guarantee that h ≥ 0. The problem of tracking h = hd is
equivalent to that of remaining on the surface S for all t > 0.
Furthermore, S = 0 represents a linear differential equation
whose unique solution is h˜= 0; thus, the problem of tracking
hd can be reduced to that of keeping the scalar quantity S to
zero [25].
The problem of keeping S at zero can be achieved by
choosing a control law µb such that S satisfies
1
2
d
dt
S2 ≤−η |S| , (18)
being η a strictly positive constant [23]. The condition (18),
called sliding condition, demonstrates that, once on the sur-
face, the system trajectories remains it, i.e., the surface is an
invariant set. Therefore, model uncertainties and disturbances
can be tolerated. S is denominated sliding surface, and the
system’s behaviour once on the surface is called sliding mode
[23].
In the SMC design, a feedback control law, called equiva-
lent control, is determined to maintain the system in sliding
mode, i.e., S˙ = 0. However, in order to deal with model
uncertainties and disturbances, the control law has to be
discontinuous across S [23].
In this work, we consider safety constraints with relative-
degree r = 2; thus, the sliding surface S, defined by (17), is
given by
S = ˙˜h+λ h˜, (19)
and using (15),
S˙ = h¨− h¨d +λ ˙˜h = µb+∆− h¨d +λ ˙˜h. (20)
The equivalent control µ¯b designed using the nominal
dynamics and that would achieve S˙ = 0 is given by
µ¯b = h¨d−λ ˙˜h. (21)
Considering h(x0)≥ 0, i.e., that x0 is within the safe set,
the control law given by
µb = µ¯b−Ksmc sgn(S), (22)
where sgn is the sign function, will drive h to hd despite the
bounded uncertainty ∆ in (15)-(16). Using (18) and (22), we
obtain
1
2
d
dt
S2 = S˙S = ∆S−Ksmc |S| ≤ −η |S| , (23)
and Ksmc that satisfies the sliding mode condition (18) is then
given by
Ksmc ≥ ∆+η . (24)
The discontinuous term in (22) generate a control switch-
ing that is necessarily imperfect, because switching is not
instantaneous, and the value of S is not known with infinite
precision and is never exactly zero. This can lead to chatter-
ing, i.e., undesirable high-frequency actuation and vibration.
To avoid chattering, it is applied a boundary layer in the
neighboring of the sliding surface and a saturation function
replaces the sign function [23], [25], such as
µb = µ¯b−Ksmc sat(S/Φ), (25)
where
sat(S/Φ) =
{
S/Φ, if |S| ≤Φ
sgn(S/Φ), if |S|>Φ, (26)
and Φ is the boundary layer thickness. Without the boundary
layer, a reasonable choice would be hd = 0. However, with
the boundary layer, hd has to be somewhat greater than zero
to guarantee that h≥ 0.
Then, for the SMCBF, the QP-based controller can be
described by
u∗(x) = argmin
u=(u,µb)∈Rm+1
uT u−2uTnou
s.t. LgLr−1f h(x)u+L
r
f h(x) = µb
µb ≥ µ¯b−Ksmc sat(S/Φ).
(27)
V. FURUTA PENDULUM
This section presents the modeling and the numerical
results of the Furuta pendulum with the proposed control
framework.
A. System Modeling
The schematic diagram of the Furuta pendulum is shown
in Fig. 1 [26], [27]. The pendulum parameters are the rotating
arm mass m0F , the pendulum mass m1F , the rotating arm
length 2l0F , the pendulum length 2l1F , the distance from the
fixed axis to the pendulum basis rF and the center of mass
(CoM) of the pendulum arm dF w.r.t fixed axis [26].
Fig. 1: Schematic diagram of the Furuta pendulum [26].
The system dynamics are defined using the Euler-
Lagrange formulation:
d
dt
(
∂LF
∂ θ˙iF
)
− ∂LF
∂θiF
= QiF , i = 0,1 (28)
where LF = K0F +K1F −PF is the system Lagrangian, K0F
is the kinetic energy of the rotating arm, K1F is the kinetic
energy of the pendulum, PF is the total potential energy, θ0F
and θ1F are generalized coordinates and Q0F and Q1F are
the generalized forces (torques).
The potential energy PF can be described using the dis-
placement of the CoM of the pendulum [26], such as
PF = m1F gl1F cos(θ1F ). (29)
The kinetic energy of the rotating arm K0F is composed
only by the rotation [26]. Hence,
K0F =
I0F θ˙ 20F
2
, (30)
where the inertia I0F is given by
I0F =
m0F (2l0F )
2
12
+m0F d
2
F . (31)
The kinetic energy of the pendulum K1F can be described
using its rotation, the velocity of the CoM in the xF -direction
and in yF -direction [26], such as
K1F =
I1F θ˙
2
1F
2 +
m1F
2 (l
2
1F θ˙
2
1F + r
2
F θ˙ 20F
+l21F θ˙
2
0F sin
2(θ1F )+2rF l1F θ˙0F θ˙1F cos(θ1F )),
(32)
where the inertia I1F is given by
I1F =
m1F (2l1F )
2
12 .
(33)
The torque of the DC motor τF is proportional to the duty-
cycle of the Pulse Width Modulation (PWM) signal VmF ∈
[−1,1] [26] and can be expressed as 1
τF =
KtF
RmF
(2VmF −KeF θ˙0F ), (34)
where KtF is the motor torque constant, RmF is the armature
resistance and KeF is the back EMF constant.
Lastly, the generalized forces Q0F and Q1F of (28) are
defined as external forces and reaction forces with relation
to each generalized variable θ0F and θ1F :
Q0F = τF −b0F θ˙0F , (35)
Q1F =−b1F θ˙1F . (36)
For the rotating arm, there is a torque applied by the DC
motor and there is a reaction torque due to viscous damping
of motor shaft and gearbox (b0F ). For the pendulum, there
is a reaction torque due to viscous damping of pendulum
bearing and encoder coupling (b1F ) [26].
In order to design the linear control to stabilize the system,
the nonlinear model is linearized around the equilibrium
point, resulting in:
x˙F = AxF +BuF , (37)
where xF =
[
θ0F θ1F θ˙0F θ˙1F
]T , uF = VmF , A is the state
matrix, B is the input matrix and the equilibrium point is
x∗F = [0 0 0 0]
T . It is important to highlight that (37) can be
related to (1), where f (x) = AxF and g(x) = B.
B. Nominal Control - LQR
LQR is applied as a nominal control law unoF for stabiliz-
ing the pendulum. LQR is an optimal regulator that, given
the system equation (37), determines the matrix Klqr of the
optimal control vector
unoF =−KlqrxF (38)
so as to minimize the performance index
J =
∫ ∞
0
(
xTF QxF +u
T
noF RunoF
)
dt, (39)
where Q is a positive-semidefinite matrix and R is a positive-
definite matrix. These matrices are selected to weight the
relative importance of the state vector xF and the input unoF
on the performance index minimization [29].
If there exists a positive-definite matrix P satisfying the
Riccati equation
AT P+PA−PBR−1BT P+Q = 0, (40)
then the closed-loop system is stable. Thus, the optimal
matrix Klqr can be obtained by
Klqr = R−1BT P. (41)
1Actually, VmF includes the PWM duty-cycle and the direction of the
motor rotation, being (+) counterclockwise and (-) clockwise.
C. Numerical Results
The behavior of the Furuta pendulum with the proposed
control framework is verified through numerical simula-
tions with MATLAB/Simulink. The numerical values of the
parameters are m0F = 0.393 Kg, m1F = 0.068 Kg, 2l0F =
0.365 m, 2l1F = 0.207 m, rF = 0.210 m, dF = 0.022 m,
g = 9.81 m/s2, KtF = 0.02 Nm/A, KeF = 0.08 Vs/rad and
RmF = 2.4 Ω.
Several works are proposed to satisfy a stability objective
in the Furuta pendulum, i.e, to stabilize the system at the
equilibrium point, but safety constraints are not considered.
So, it is applied the control framework described in this
work to simultaneously satisfy stability objectives and safety
constraints. LQR is applied as a nominal control law unoF ,
defined in (38), for stabilizing the pendulum. The safety
constraint is considered to guarantee that the pendulum
angular position |θ1F | never exceeds a predetermined value
θ1F max = 0.087 rad (5◦). The rotating arm mass m0F and the
pendulum mass m1F are increased 60% to verify the control
framework robustness.
The linearized nominal model in (37) has the following
numerical matrices
A =

0 0 1 0
0 0 0 1
0 −19.8123 −0.1446 0.0003
0 101.2361 0.2200 −0.0015
 , (42)
B =

0
0
18.8571
−28.6956
 . (43)
For the LQR, we considered
Q =

500 0 0 0
0 500 0 0
0 0 500 0
0 0 0 500
 , R = 1, (44)
resulting in
Klqr =
[ −22.3607 −341.0460 −28.6975 −46.0316 ] .
(45)
It is proposed an experiment whereby the rotating arm
angle θ0F should track a square wave signal reference
input θ0Fre f and the pendulum angle θ1F should track a
reference input θ1Fre f composed of short-time pulses. This
is considered in order to verify the effect of the CBF, i.e.,
with the final control framework, θ1F is expected not to exit
the safe set (2). Initially, only the LQR is applied and the
safety constraint is not considered. When a reference input
is considered, the control input (38) becomes
unoF =−KlqrxF + k1lqrθ0Fre f + k2lqrθ1Fre f , (46)
where k1lqr = −22.3607 and k2lqr = −341.0460. The sim-
ulation results are presented in Fig. 2. In all numerical
simulations, the pendulum is assumed to start at an initial
angular position θ1ini = 0.069 rad (4◦). The results show that
(a) (b)
(c) (d)
(e)
Fig. 2: Numerical simulation (Furuta pendulum) - LQR
without ECBF.
the LQR is able to stabilize the system even with increasing
in the masses m0F and m1F .
Posteriorly, the safety constraint is considered to guarantee
that |θ1F | never exceeds θ1F max = 0.087 rad (5◦) and being
always inside the safe set (2); thus, the QP-based controller
(14) that unifies the nominal LQR unoF and the safety
constraint is applied. We consider the following relative-
degree two (r = 2) safety constraint, expressed as the CBF
hF(xF) = θ 21F max −θ 21F . (47)
The QP is implemented using Hildreth’s QP procedure
[30], which is solved in polynomial time. We set KbF =
[3000 180] for the pole placement controller µbF . Consid-
ering this value for KbF and the nominal system dynamics,
i.e., without increasing in the masses m0F and m1F , the
safety constraint is respected, as shown in Fig. 3. It can be
observed that |θ1F | never exceeds θ1F max , being within the
safe set (2). However, when it is considered the real system
dynamics, i.e., with increasing in the masses m0F and m1F ,
the safety constraint is no longer respected, as shown in Fig.
4. Therefore, the safety constraint with ECBF is not robust.
Finally, to deal with model uncertainties, the proposed
control framework (27) is applied. The design parameters
are λF = 10, for the sliding surface (19), ηF = 5, for the
sliding condition (18) and the boundary layer thickness
ΦF = 0.1. We empirically set hd = 10−4. KsmcF , defined in
(22), is chosen in order to satisfy (24). For the design, it
was considered that ∆Fmax = 1. The simulation results are
(a) (b)
(c) (d)
(e) (f)
Fig. 3: Numerical simulation (Furuta pendulum) - LQR with
ECBF considering nominal dynamics.
presented in Fig. 5. It can be observed that |θ1F | never
exceeds θ1F max and the SMCBF hF respects the safe set (2).
Therefore, with the proposed SMCBF, the safety constraint
is robust.
VI. MAGLEV
This section presents the modeling and the numerical re-
sults of the MAGLEV with the proposed control framework.
A. System Modeling
The MAGLEV system analyzed in this work is based on
the experimental apparatus described in [31]. The system is
nonlinear, open loop unstable and multiple-input-multiple-
output (MIMO). The schematic diagram of the MAGLEV is
presented in Fig. 6. The system is constituted by a Y shape
plate made of aluminum with small pieces of iron mounted
at the edges and that must be levitated by electromagnetic
forces. The inputs are represented by attractive forces F1, F2
and F3 generated from three electromagnets. The controller
provides voltage command signals V1, V2 and V3 that are
converted to proportional current signals i1, i2 and i3 by
power amplifiers in order to generate the corresponding
attractive forces. The outputs are represented by three plate
positions r1, r2 and r3, measured by gap sensors mounted
below the edges of the plate.
The coordinate axis of the plate XV , Xp and Xr are
presented in Fig. 7. xv is the vertical gap length between
the electromagnet and the plate at the origin O, right above
the center of gravity G, while θp and θr are the pitching
(a) (b)
(c) (d)
(e) (f)
Fig. 4: Numerical simulation (Furuta pendulum) - LQR with
ECBF considering real dynamics.
and rotating angles, respectively. The parameters of the
MAGLEV are the mass of the plate M, the moments of
inertia around the origin O in pitching direction Jpm and in
rolling direction Jrm, and the constants k1, k2 and k3 related
to each electromagnet [31]. Other parameters can be seen
directly in the Fig. 8.
The equations of vertical, pitching, and rotating motions
can be described respectively as [31]
Mx¨v = Mg− (F1+F2+F3), (48)
Jpmθ¨p = F1l1g− (F2+F3)l2g−Mgdml sinθp, (49)
Jrmθ¨r = (F2−F3)l3g−Mgdml sinθr, (50)
where dml is the distance between the origin O and the center
of gravity G, and g is the gravitational acceleration.
The plate positions r1, r2 and r3 have the same directions
as xv and are given by [31]
r1 = xv− l1g tanθp, (51)
r2 = xv+ l2g tanθp− l3g tanθr, (52)
r3 = xv+ l2g tanθp+ l3g tanθr, (53)
and the electromagnets attractive forces can be written as a
nonlinear function of the input voltages Vj and plate positions
r j, such that [31]:
Fj := k j
(
Vj
r j
)2
j = 1,2,3. (54)
(a) (b)
(c) (d)
(e) (f)
Fig. 5: Numerical simulation (Furuta pendulum) - LQR with
SMCBF considering real dynamics.
Fig. 6: Schematic diagram of the MAGLEV [31].
The system can be represented by:
x˙ml = fml(xml)+gml(xml)uml , (55)
yml = oml(xml), (56)
where xml =
[
xv θp θr x˙v θ˙p θ˙r
]T is the state vector, uml =
[F1 F2 F3]
T is the input vector, yml = [r1 r2 r3]
T is the output
vector, and
fml(xml) =
[
x˙v θ˙p θ˙r g
−Mgd sinθp
Jpm
−Mgd sinθr
Jrm
]T
,
(57)
Fig. 7: Coordinate axis of the plate [31].
Fig. 8: Parameters of the MAGLEV [31].
gml(xml) =

0 0 0
0 0 0
0 0 0
− 1M − 1M − 1M
l1g
Jpm
− l2gJpm −
l2g
Jpm
0 l3gJrm −
l3g
Jrm

, (58)
oml(xml) =
 xv− l1g tanθpxv+ l2g tanθp− l3g tanθr
xv+ l2g tanθp+ l3g tanθr
 . (59)
B. Nominal Control - SMC
A nominal control law unoml must be designed so that the
plate positions yml = [r1 r2 r3]
T track the reference inputs
ymld =
[
r1d r2d r3d
]T . As the system is nonlinear and present
model uncertainties, we apply SMC for tracking [23], [25],
such as in section IV for safety.
To generate a direct relationship between the output yml
and the input unoml , the output must be differentiated twice,
such that:
y¨ml = fyml (xml)+gyml (xml)unoml , (60)
where fyml (xml) and gyml (xml) are nonlinear functions of the
state. It is considered that fyml (xml) and gyml (xml) in (60)
represent the real dynamics and are unknown. However,
the controller’s design is based on the nominal dynamics
f¯yml (xml) and g¯yml (xml).
We consider a time-varying sliding surface Smlc(yml , t)
given by
Smlc = ˙˜yml +λmlc y˜ml , (61)
where y˜ml = yml−ymld , λmlc is a strictly positive constant and
using (60)
S˙mlc = y¨ml− y¨mld +λmlc ˙˜yml
= fyml +gyml unoml − y¨mld +λmlc ˙˜yml .
(62)
The equivalent control u¯noml designed using the nominal
dynamics and that would achieve S˙mlc = 0 is given by
u¯noml = g¯
−1
yml
[− f¯yml + y¨mld −λmlc ˙˜yml] . (63)
In order to satisfy the sliding condition despite uncertain-
ties on the dynamics and considering a boundary layer to
avoid chattering, we add to u¯noml a term discontinuous across
the surface Smlc = 0:
unoml = u¯noml − g¯−1yml Kmlcsat(Smlc/Φmlc), (64)
where Φmlc is the boundary layer thickness.
The gain Kmlc must satisfy the sliding mode condition (18)
and it is given by
Kmlc ≥ (g−1yml g¯yml )(ηmlc + fyml )− f¯yml
+(I−g−1yml g¯yml )(y¨mld −λmlc ˙˜yml),
(65)
where ηmlc is a strictly positive constant shown in (18).
C. Numerical Results
The behavior of the MAGLEV with the proposed con-
trol framework is verified through numerical simulations
with MATLAB/Simulink. The numerical values of the
parameters, described in [31], are l1g = 0.306 m, l2g =
0.203 m, l3g = 0.120 m, M = 1.93 Kg, g = 9.81 m/s2,
Jpm = 6.43× 10−2 kgm2, Jrm = 1.82× 10−2 kgm2, k1 =
3.70×10−4 Nm2/V, k2 = 1.03×10−4 Nm2/V, k3 = 1.36×
10−4 Nm2/V and dml = 3.24×10−3 m.
Several works are proposed to satisfy a tracking objective
in the MAGLEV, i.e, to track the reference inputs, but safety
constraints are not considered. So, it is applied the control
framework described in this work to simultaneously satisfy
tracking objectives and safety constraints. SMC is applied
as a nominal control law unoml , defined in (64), for tracking
the reference inputs. The safety constraints are considered to
guarantee that the plate positions r1, r2 and r3 never exceed
predetermined values r1max , r2max and r3max and satisfy the
safe set (2). It is considered r1max = 0.01 m related to r1 =
−0.05 m, r2max = 0.01 m related to r2 =−0.07 m and r3max =
0.01 m related to r3 =−0.09 m. The mass of the plate M is
increased 30%.
The design parameters for the nominal control unoml are
λmlc =
 50 0 00 50 0
0 0 50
 ,
for the sliding surface (61), ηmlc = [30 30 30]
T for the
sliding condition (18) and Φmlc = [0.05 0.05 0.05]
T for the
boundary layer thickness. The gain Kmlc is set in order to
satisfy (65).
It is proposed an experiment whereby the plate positions
r1, r2 and r3 should track the reference inputs r1d , r2d and
r3d and the safety constraints must be respected. Initially,
only the SMC is applied as the nominal control law and the
safety constraints are not considered. The simulation results
are presented in Fig. 9. In all numerical simulations, the
MAGLEV is assumed to start at an initial position r10 =
0.05 m, r20 = 0.05 m and r30 = 0.05 m. The results show
that the SMC is able to track the reference inputs even with
increasing in the mass of the plate M.
(a)
(b)
(c)
Fig. 9: Numerical simulation (MAGLEV) - SMC without
ECBF.
Posteriorly, the safety constraints are considered to guar-
antee that the plate positions r1, r2 and r3 never exceed
predetermined values r1max , r2max and r3max and satisfy the
safe set (2); thus, the QP-based controller (14) that unifies
the nominal SMC unoml and the safety constraints is applied.
The controller is adapted to multiple safety constraints, such
as
u∗ml(xml) = argmin
u=(uml ,µbml )∈Rm+3
uTmluml−2uTnoml uml
s.t.
[
LgLr−1f h1(xml) LgL
r−1
f h2(xml) LgL
r−1
f h3(xml)
]
u
+
[
Lrf h1(xml) L
r
f h2(xml) L
r
f h3(xml)
]T
= µbml ,
µbml =
[
µb1 µb2 µb3
]T ≥
− [Kb1 Kb2 Kb3][ηb1(xml) ηb2(xml) ηb3(xml)]T , (66)
where we consider the following relative-degree two (r = 2)
safety constraints, expressed as the CBFs
h j(xml) = (r jmax)
2− (r j− r jd)2, j = 1,2,3. (67)
(a)
(b)
(c)
(d)
Fig. 10: Numerical simulation (MAGLEV) - SMC with
ECBF considering nominal dynamics.
The QP is implemented using Hildreth’s QP procedure.
We set Kb1 = [2000 200], Kb2 = [2000 200] and Kb3 =
[2000 500] for the pole placement controller µbml . Consider-
ing these values for Kb1 , Kb2 and Kb3 , and the nominal system
dynamics, i.e., without increasing in the mass of the plate M,
the safety constraints are respected, as shown in Fig. 10. It
can be observed that
∣∣r j∣∣ never exceed r jmax and the ECBFs
obtained from h j respect the safe set (2). Initially |r2| and |r3|
exceed r2max and r3max , since the ECBFs were programmed
to act just after the transitory due to the initial condition.
However, when the mass of the plate M is increased, the
safety constraints are not respected, as shown in Fig. 11.
Therefore, the ECBFs designed by pole placement are not
robust.
Finally, to deal with model uncertainties, the proposed
control framework with SMCBF is considered. The con-
(a)
(b)
(c)
(d)
Fig. 11: Numerical simulation (MAGLEV) - SMC with
ECBF considering real dynamics.
troller is adapted to multiple safety constraints, such as
u∗ml(xml) = argmin
u=(uml ,µbml )∈Rm+3
uTmluml−2uTnoml uml
s.t.
[
LgLr−1f h1(xml) LgL
r−1
f h2(xml) LgL
r−1
f h3(xml)
]
u
+
[
Lrf h1(xml) L
r
f h2(xml) L
r
f h3(xml)
]T
= µbml ,
µbml =
[
µb1 µb2 µb3
]T ≥ [µ¯b1 µ¯b2 µ¯b3]T −
Kmlssat(Smls/Φmls), (68)
where the sliding surface Smls is given by (19) considering
hml = [h1 h2 h3]
T and
λmls =
 500 0 00 500 0
0 0 500
 ,
for the sliding surface Smls , ηmls = [500 500 500]
T for the
sliding condition, Φmls = [0.8 0.3 0.3]
T for the boundary
layer thickness, and hd =
[
10−5 10−5 10−5
]T (empirically
set). The gain Kmls is chosen in order to satisfy (24) and
it was also assumed that ∆mlmax = [10 10 10]
T . Simulation
results are presented in Fig. 12. It can be observed that
∣∣r j∣∣
never exceeds r jmax and the SMCBFs respect the safe set (2),
being, therefore, robust.
(a)
(b)
(c)
(d)
Fig. 12: Numerical simulation (MAGLEV) - SMC with
SMCBF considering real dynamics.
VII. CONCLUSIONS
This work considers a safety-critical control framework
where stability/tracking objectives, expressed as a nominal
control law, and safety constraints, expressed as CBFs, are
unified through QP. We proposed a SMCBF to deal with high
relative-degree safety constraints and model uncertainties.
The proposed scheme is numerically validated considering
a Furuta pendulum and a MAGLEV. In the first case, a
LQR is considered as the nominal control and a safety
constraint guarantees that the pendulum angular position
never exceeds a predetermined value. For the second one, a
SMC is considered as a nominal control law and multiple
safety constraints guarantee that the MAGLEV positions
never exceed predetermined values. For both systems, we
consider high relative-degree safety constraints robust against
model uncertainties. The numerical results indicate that
the stability/tracking objectives are reached and when the
ECBFs designed by pole placement are considered, the
safety constraints are respected for the nominal model, but
not for the model with uncertainties, i.e., robustness is not
verified. However, with the SMCBFs, the safety constraints
are respected when model uncertainties are considered, i.e.,
robustness is verified. As suggestions of future work, we
consider the validation of the proposed control framework
in a physical system.
REFERENCES
[1] A.D. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath and
P. Tabuada, Control barrier functions: theory and applications, in Proc.
18th European Control Conf., Naples, 2019.
[2] E. Sontag, A Lyapunov–like characterization of asymptotic controlla-
bility, SIAM Journal on Control and Optimization, vol. 21, no. 3, pp.
462-471, May 1983.
[3] R.A. Freeman and P.V. Kokotovic, Inverse optimality in robust stabi-
lization, SIAM Journal on Control and Optimization, vol. 34, no. 4,
pp. 1365-1391, 1996.
[4] A.D. Ames, K. Galloway, K. Sreenath and J.W. Grizzle, Rapidly
exponentially stabilizing control Lyapunov functions and hybrid zero
dynamics, IEEE Trans. Automatic Control, vol. 59, no. 4, pp. 876-891,
Apr. 2014.
[5] A.D. Ames, X. Xu, J.W. Grizzle and P. Tabuada, Control barrier
function based quadratic programs for safety critical systems, IEEE
Trans. Automatic Control, vol. 62, no. 8, pp. 3861-3876, Aug. 2017.
[6] M.Z. Romdlony and B. Jayawardhana, Stabilization with guaranteed
safety using control Lyapunov–barrier function, Automatica, vol. 66,
pp. 39-47, Apr. 2016.
[7] A.D. Ames, J.W. Grizzle and P. Tabuada, Control barrier function
based quadratic programs with application to adaptive cruise control,
in Proc. 53rd IEEE Conf. Decision and Control, California, 2014, pp.
6271-6278.
[8] E. Sontag, A universal construction of Artsteins theorem on nonlinear
stabilization, Systems and Control Letters, vol. 13, no. 2, pp. 117-123,
Aug. 1989.
[9] M. Rauscher, M. Kimmel and S. Hirche, Constrained robot control
using control barrier functions, in Proc. IEEE 55th Conf. Decision
and Control, Las Vegas, 2016, pp. 279-285.
[10] W.S. Cortez, D. Oetomo, C. Manzie and P. Choong, Control barrier
functions for mechanical systems: theory and application to robotic
grasping, IEEE Transactions on Control Systems Technology, pp. 1–
16, Nov. 2019.
[11] T. Gurriet, A. Singletary, J. Reher, L. Ciarletta, E. Feron and A.
Ames, Towards a framework for realizable safety critical control
through active set invariance, in Proc. 9th ACM/IEEE Int. Conf. Cyber-
Physical Systems, Porto, 2018, pp. 98-106.
[12] A. Mehra, W.L. Ma, F. Berg, P. Tabuada, J.W. Grizzle and A.D.
Ames, Adaptive cruise control: experimental validation of advanced
controllers on scale-model cars, in Proc. American Control Conf.,
Chicago, 2015, pp. 1411-1418.
[13] X. Xu, T. Waters, D. Pickem, P. Glotfelter, M. Egerstedt, P. Tabuada,
J.W. Grizzle and A.D. Ames, Realizing simultaneous lane keeping and
adaptive speed regulation on accessible mobile robot testbeds, in Proc.
IEEE Conf. Control Technology and Applications, Mauna Lani, 2017,
pp. 1769-1775.
[14] Q. Nguyen and K. Screenath, Safety-critical control for dynamical
bipedal walking with precise footstep placement, IFAC papers online,
vol. 48, no. 27, pp. 147-154, 2015.
[15] G. Wu and K. Sreenath, Safety-critical control of a planar quadrotor,
in Proc. American Control Conf., Boston, 2016, pp. 2252-2258.
[16] L. Wang, A.D. Ames and M. Egerstedt, Safety barrier certificates for
collisions-free multirobot systems, IEEE Trans. Robotics, vol. 33, no.
3, pp. 661-674, Feb. 2017.
[17] S.C. Hsu, X. Xu and A.D. Ames, Control barrier function based
quadratic programs with application to bipedal robotic walking, in
Proc. American Control Conf., Chicago, 2015.
[18] Q. Nguyen and K. Sreenath, Exponential control barrier functions
for enforcing high relative-degree safety-critical constraints, in Proc.
American Control Conf., Boston, 2016, pp. 322-328.
[19] X. Xu, P. Tabuada, J.W. Grizzle and A.D. Aames, Robustness of
control barrier functions for safety critical control, IFAC papers online,
vol. 48, no. 27, pp. 54-61, Oct. 2015.
[20] S. Kolathaya and A.D. Aames, Input-to-state safety with control barrier
functions, IEEE Control Systems Letters, vol. 3, no. 1, pp. 108-113,
Jan. 2019.
[21] Q. Nguyen and K. Sreenath, Optimal robust control for constrained
nonlinear hybrid systems with application to bipedal locomotion, in
Proc. American Control Conf., Boston, 2016, pp. 4807-4813.
[22] Q. Nguyen and K. Sreenath, Optimal robust safey-critical control for
dynamic robotics, preprint arXiv:2005.07284, pp. 1-16, May 2020.
[23] J.J.E. Slotine and W. Li, Applied Nonlinear Control. Prentice Hall,
New Jersey, 1991.
[24] P. Wieland and F. Allgower, Constructive safety using control barrier
functions, IFAC Proceedings Volumes, vol. 40, no. 12, pp. 462-467,
Aug. 2007.
[25] H. Khalil, Nonlinear Systems. Prentice Hall, New Jersey, 2002.
[26] B.A. Ange´lico, M.M. Brugnolli and G.P. Neves, Digital H∞ robust
control of mechanical system with implicit observer, in Proc. Conf.
Decision and Control, Nice, 2019, pp. 1171-1176.
[27] K. Furuta and M. Yamakita and S. Kobayashi, Swing-up control of
inverted pendulum using pseudo-state feedback, Proceedings of the
Institution of Mechanical Engineers, Part I: Journal of Systems and
Control Engineering, vol. 206, no. 4, pp. 263-269, Nov. 1992.
[28] L. Freidovich, A. Shiriaev, F. Gordillo, F. Go´mez-Ester and J.
Aracil, Partial-energy-shaping control for orbital stabilization of high-
frequency oscillations of the Furuta pendulum, IEEE Transactions on
Control Systems Technology, vol. 17, no. 4, pp. 853–858, Jul. 2009.
[29] K. Ogata, Modern Control Engineering. Prentice Hall, 2009.
[30] C. Hildreth, A quadratic programming procedure, Naval Research
Logistics Quarterly, vol. 4, no. 1, pp. 79-85, Aug. 1957.
[31] T. Tsujino, K. Nakashima and T. Fujii, Application of H∞ control
and closed loop identification to a magnetic levitation system, Asian
Journal of Control, vol. 1, no. 4, pp. 283-296, Dec. 1999.
